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Tha 7esults dotousg diecHy by takin9 A-R

Corollo y 2

Th S.c h oronal numberiJLentouotablo.

Paoo Suppose ts CoLntablo

Cnou ha fc Counloabla
Le

SuaR COLuniabla twhich itonhradictton,

uRCouuntablo

and MinkousSeigualities o Holdat

Theovenm t.9

( Hdlder's Dnaqualilt) TA Pl and q i

Such thoa + 1
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He tan theos e B. ) nA
Sueh that.

Tn.,7 ne ath n

)is a Sequentt pofnis faA

Alse. d tz,a) n vn

'm d Isn,) 0

n)x
tonvssey

Suppes. 1 a Squentu n)in A (An)4T

Then fes ony D here tai'sks a tve Inteqer na Suth
d

hal dtxn.a) n>n. B/x,a) nn,

Bl,)n A #¢

ferthes, ) is a
S«quence o disktncd pelns in A ts tntnike

xEDCA)

is alm peint e A

Complele

A Melse Spare M s Satd to be lomplete Ye

CauchCauthy Squener in M tenlerges te a pelns in M

Thorem2

& Any dtscvele Melit Spae s amplebe

ut (md1 be a dtseele Metie Sparr

t () be a Courhy Sguente in M

Then a tve iniqt

ln, Tm): * n,m2 n*
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Thus, ) it a Sequentt In A tnvegtng teY

Sine A 1s clesd. 14f A -

Thus, evy tauchyrqnenre (*n) in A tonvesqes te

pefnt in
.A is tomplekr

Conber InterSrelten Tkaerem

L M be a melste Spare Mis tomplea

Pverg Segarne(F)D nen.#mpty elesed 3ubsek of M

Seth that
. 2F 2 2Fn2..dnd (dta)o

nn t nan.ep

le M & a
melste Spate lrt CEn) be a uente ef

elesed Subsett of m Surh that

F. 262. .

. . 2Fa 2.
. and (dtFa)JD

T
ferench thu lege» n

cheese a peint an En, nt, Znt

n dtfa)-0 ,qVen o, a t« lnlges

he Such that
d Cfn)e€,

*n2n
dtFas)&e
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dlay)

)dfa) dixy)4Y
NipW

dtax) dlal tdy.

dtoy) 2 dta.x) - diy.)

dta> d txyl47. diy )
dta)

9eBlo
Hence

Btx..) C B fa]

B aJ' is open tn M

rie)Bfa. clesd.

Hent eveny chd ball ka clsed sek

) To ang melste Spar oibarg intenseetton o tlesed se in

desed
et (M.d) be a mehie spac

Atltea} ha tollecthn ef closed sul

To prw
nAt i ced

erti.)t pove thet s epen

sing De-mcrgens lau .

(hA) uAC

Sinee,h At s clesd

he A opn

Page 39 of 85



()7 and ty)9

Alhe. tn) a
Saqunttin A and y) t

deunte fn B.

r€ and yeB

AxB AK
Neur

Te and 4es

Seguenee tan)tn A and a Squemte tyn) iag

: t)-z and )-9
hfeh Cenfungttn.yo) ts a Segurntt In AxB Ahfeh tení

7.y)e AxB

: AxAxB
Femb) t) e qet AxB X'B

neped
9P-T an hon mp

Setan d catrgov.

t tab) br a hen.emply pen Tnbevdal n

Sper. ta.b) st oleg

Neu, Tab] tab) ufaj vt6
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Stnte, H s lemptrleb tensols indrsertfon theerem

Jha pefmt a In M : Te F

Alse, each Fn is dtjeint then An

Hentt 4 A ler alln

U AntM

Hente. M s e tend tetre

Defhton'p
A Sehset A ol a Mtate Space M s said te be

nouher den in M 1|Tat

A Sebset A ofa medste Space M is Satid tob o

ra toleqery n M if A ton be epresse d as a entable

Unen o ncwhsre denst Seks

A Sttuhteh 1s neb f fhst calegery s Satd te be

o Stend Colegey

Nobe

A s 4 at categey then A. U E, Hhn En

s neuwhne dense Subseks tn MM

Preblem!1

te A.B le a kieks o Rp.T AxB =AxB

lel tyE AxB

J Sequente tsyn)CAxB

t) t
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Nobe

let M b Mete 3pate and AcM

Then, AAuDtA)

A is clesed A tentatn all s mit pen

ie) A fs ctesed =) DI) CA

Dense

A Stbse A" a Molste Spare M is Sad to be

dense in M tes) every whrt dense. if AM
A Mette Space M is Sald te be Separable i

there ests a Countable dense Subset in M.

tenvesqent

Let M.d) be a Melhfe Spae

eE tn): 7,,?s..
.
.Inbe a Squenee of penis

tn M. 1et reM. He Say that (Tn) tenVenqes to i. qhven

ESo a 4ve integeT n Such that d Izn,) £4n2e
Also. s catleda imit of tan).

TI (n) tonverqes o we wite.

n tor (nl-x

theoren
Fon a Convergent egpente (n) the limE s

Dnfque

Suppest, zn) and yn)

et o b gven. Then ha we nlegr

n, and n Such tha
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tn,)}%e ¥ n n

dn Im) d tin.) 4 d tx,Tm)

Thus, dtIn,Im) 2E mn 2 hs

Hente. xn) is Cauehy Sequente In H

Netet
The tenerse o the abeve theevem s not hue

Nale
(t) M be a medrfe Space and AcM. hen A AuD

ta) For any Subsel A a malte 8pace, dta):d t)

Nheve dtA) ls a diametey of A

Thrvm
Let M be a mette Space and ACM..,Then

Ci) re 4t tkeve efsks a 6guente (n)in A

Such that t7)3x

dfslne pofns fn A 9 tx)4z.

P
P t

opfven, reA, hen Ie Avdt

EA ten)Ie DtA)

Tf reA thon the tonsbomt Seqaentt X, z3,

a o Sequentt In A tenverqtng te.
If xedtA) then the open Batt B la, n)

tontains infinite number of pofnts of A.
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UNIT-IL

Subspare

LM.a)&a melte Space- Let M. bes Fua ren.emphy

ubstof M Then M s also a meirte 6pare ulth the Same mekri

e Say thet (M,d) fs a Subspara of tnd)

Inleter of a &

Lt M.) te a mebte Space. et A£M. Let x£A.

henIs Satd fo on trnies peint of A. if thrre exiss

veTral number Y Such tha B)CA

The Sot of all fntrrtor polns ef A Is ratled the intestor

4 d i is dereled by Tnt A

Nae Tnt ACA

clased Sefs

Let (M,d) be o me tete Space. Int AcM. hen A is

Satd to be clesed ln M. If the tempement tf A is open to M

Eyaple: 10 R th ual melste ang desed tnerial [a,b] is

clesed st

fa] R. ta.b]
. (-,0) u {b.a)

Alss, -,a) and tb.o) ae open tn R

t at]is opn fn R.

obJs deted to R

rinphi4 PT z s eleed

tnm)
The Open fnlnval (n.nan) opea and ulen of epenSt

is apen

za pen. ne 2s eld.
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2 2 2 Fn2

T2F2..2,2
cleasy. .)is o deeating Srquente o clesed Seb

Stnte Cz) it a tauthy Sequenee

gienb, a tve fniegn ne

dtIm,In) e, n,m ne
Fer any integey n2n

d (n) d to) d ta).dr))

dtfn) <en2n
(dtF))

Aentt

4
Tet J n

d ta,xn) dlfa)

dt,7n)Enène
n)

ene. H s lemp le

Theoser4
Bakres talegoy Tuerem

lomplebe Hte Spae it of Sund

alg

Page 45 of 85



Bul la,b] fsa Complebe Melte Spate ond hente

s of Se tond Cabeges 1 Hhreh 's a. lo) ts of Stond teleqony
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dtn) %t ¥n2n, and

d fxn a e v n2na

Jt m' be a tve fnleqer uch that m n,,n,

Then, dtx.y) d lz Xm)4 d txm.y)

dta)

Since. eso is driftvany d is.):

Hente, fev Cenverqent egvenee (n) the

mtt s enfque

Couch Squenee

1M,4) be a melute spate. lt (zn) be a

Seqvente ef pefnts of M. (an) is Safd to be a

Cauthy Squence in MI gven eso 3h a ve nktgey

e d (Im,Zn) 2E ¥ mn 2no

Theorem

1t M.d1 be Mete Spoce. Then any conVngent

Sequente fn M ts a cauchy Sequence

e t)be a tenvqent Seqventt in M

Converqnq to reM.

eo gven

Then a pve nkeger ne 3
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Tn y mehte Spart the unien any

ope Sel is Dpen

lenee UAis open

iet

nA is open

nA is clesd
ier

3)In an meh Spart tht unton o intte numbr
clesd set ts eleted

tM,d) bmtste Spate

tA., As .. An a clesed seh to M

uSing Semesgan lauw

CA. Au. . DA.) AnA°nAa .n
STnce. each At s clesed. tben Ar scpen

B th
Tn any M+hte Spare he lnsedden o ttTn an

numbey t open $et it open.

A'nA°n... hAC s open

CAUAU. UAn) i epen

AuAU . .
.

.UAn u clesd
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cleed bat

lt (M.d) ba Meie Space. t a€M. leg

an te Yeal numbe». Then the ctossd boll to1) the cles.

Sphe f th tnve'a and Tadtos deneted by &to

is deflnd

Ba Ta.a] irem (dta,dsa1

Ne wsite 8 la,n] tnstead f Bl la,aj

Tr ang meete Spaie every elased batl fs a closed Set

Let M, a) br a mehte Spat

Le B la,] be a clssed set

To preve

Blo] is open

Caset
Seppese BLono

B[o,1J is open

. 8 la is tlosed

Caseei

Suppnse B fan]¢0
et *e B lan]c

B [a,aJ

d to)-1>0
tt d ta)-1

pee B()e B a.s]

ye8(z.")
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Nad
ImFne mn
2ne ) Im,3n Fne

ddtm, Y) , +n,m2 ne

n) a tauchy Sequne in

nte Mis templete hen a pefn E

9 7.)4

T

fer any tva fnkoger D,

n, In4. .is a Sequrnee fn (fa) CaVsg

By heorem,
L Mbe a mefofe Spate.

Let AM. then * e } a Sequente Cn)in A

dnre. fn s clesrd Ehen fn: F

bvlnsey
tx)be a daurhy Sequente In M., In

a
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LtMbralemplete mete Spare

P M 1s nel t tolegeng

Le Am) a Squenit ef newhert dense

T An M

Sinte, M t open and A, Ts newht dens, a
pen ball Say B. radius less han . 9: B, is disjin

let . denele the tencentafe tlesed ball Hhese ados
is tmes that ef B, Is 1e A

New, Int F is epen and As is nouhere dense

Jntt Contains an epen ball B, of radius
ess than 'h tmes that B, d fom As

be the enrenie tleted batl Hhee

Ne, Int is open and As ts hewhere dense

Tnt Fs tentains an open bolt Bs ef Tadius

then 'h Surh that B is dtajin em As

let ts he the tenrentsfe clesed ba hete
Yadtes is lne then B

Prereding lke thrs geta Squence ef

nen emp clesed balla F Such hat 22.2 t.2
nd dth) %

Hnct. (d())-» as n a
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clnsvre

Let A be a Sebsel of Melie Space tM,d1 The

elesevee A,deneted ky A s defined to be the Tntevseekten

al all clesed Seks Nhteh centoin A.

Thus, A n8fBistleied ln M and Aca

Theorem

S.T A is clased !#f AA

Suppest, A--A

Tp A ts closed

ince, A s elesed, then A fs elosed

Coversely. Suppose A is clesed

Then the Smatlest closed Sek tenkaintng A s 1kel

Hlence proved.

et M.d) be a mekste Spate. let AcM. let EM

Then ts talled a lmt pofnt ter) a ctuster potnt ten) an

Aecomulatton petnt of A every open ba with tentre

ontahs atleast one potnt o4 A dtttesent from

tov) an

te) B (,a)n tA. {x1) #0 er al Y >o

Te Set of all tmtt pelnh of A s alled the

devtvedse A d deneted by DIA
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Stnte he dsreleeebfe dtanee
bebueeh any ka petnts ther (e) 4

'dt,Tm) t n.m2ne

Tn:Tmg T ($a) n2na

dtrn, t)o n n

ldente, M tampleke

Theoem

A subset A f omplete rmatste Spare M

mplte&) A clsed.

Juppese, A Is tomplele

A i clesed

ie) Te pevn that, A rentains all th t poinés

txbe ait peint of A

Then, by theceem 1, a quente (za) in A

8tnte, A is templete, TEA

A tentafns atl t lt pein

Henee A ts clesed

tervessel

At de
et ()be a Cauhy Stqpant înA

Then (2) s a tauehy Saguenu in M an

nte H s Cemplebe
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ixn) In AtThas ever Caicha 6euente

a pent Tn A.
A 1s lompeE

lence preied

The Meic 6pace Lo,t] and o.2] r th ajual H

e homeomovphie.

DeneLoj Ie2]
clearhy1s 1 andBnle.p .
Alse, ftz)>2tx)

andare bobh lontinusuf .

S ahomaembiphism

Let d. Le the us aal Mebic on Lo, 17 md d, L e
LSeal Mebic on fo,2]

TheMapf fo.T] -5 Tor3T dned ta)
is not oan i5ome trg

Then d.Cft ey))=1fre)-Jry)

d (foc)dy):d.t
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dl,efd (BCI),e)

SsEo Soch that
Bt 8) s4 tBU e)

Stnce oce m is abtEvavy,

is iontinuous

let m ma, mg be Metfc Spate I+m- ma and qm-m
ae Conltouous unc&fon PTjt mms 8also onltnuoufi

t1) Compostfon o tuwo s undtion fs ts
let fm,ma

m mg be tks uncétor

ot m, ms is th

tte) to prove that ge4)) is open In m,.

Sfnce 1s Confnuous then 9th) is open tn mi,

STnte1s lontfnuous then (qlctu) Ts open in m

lg+) tu) is bpen inm

'. lg.+) is Conbinuou

t M be a Mele pae et f: M-R and q tmaR,be taib te
oncdton p-T ft mR is anth.dus.

let MAR and gmaR be ch fune

(f +9) is ontfnunus

Let n) x In m

Since and g a1 Cthen
tft) ftx; gt) txa
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Threvem Metete
Opar

Iet
(Mdant(Mad.)pug

Thenr any (onslant unekiph M- Ma i8 Con EPnat

Pucn

etMMa be given e) 0
Ahere CM,s a xed alement

giveret eM. and 8S0bgiver

Bta,31)e.B(f.c)
1tstrs)Bfae) 1-

yftE (7,5)) *a Bta,

ts ton tiruouS atx.
fnce eM, 1s ay Lftvary

fts lonbinubus.

Problems

) Jetfbe o Continous- Teal Valued functon delined on o M

Space M. let A: reMfa)2o preve tha A 1s clased

letA:reM|ftw2o

xe M1ftc) e fo,j

A:(to,o)
Al6o. To,a). i9 a closed Subsebof

Snteyf1s lontrnuus o) is closed n M

e As elased

g
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Dln tM..d).and (Mad) be no Mobsfe Space. LE

M.Ma be 1-1 0gdoP15 aid to be an isometry

to d tftx).fry)) for all 26,y e M,

Tn ofheuldds, an, rsometry 's a dislance presevving

Map 1
Mand M are 8ald to be lsomehrfeif there extsks

fsomet rom M bnko Ma

roblern

Tn R Ath usual Mehic and CSrth usual Melric ave

me lhtt and f RS delined b ftr) rayt the oqued irs

somey
et d denobe the usaal Mebrfc on R andds denoke the

uSual Metrie on C h

let a ,y) and b: (ayu) eR

Then, d,tab) (g,-y)

Coy)- ta,atg))
n4

dtarb1 dstto),ftb1)

isn somehy

Mgf gtVen&b there exisso Such bhat.

Deln'

ebCM,,di)and (Ma,da) be bwo Metelc Spa te

Fun&tion M, Ma is Sald to be un ffovm ly Continuou on

Soch thet

dexny) da (froo foy1) 4
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ONITIE

:MiMa br a funelfon Let a e M and eMa . T unclon f

be d, (x,a) 8d Ue).4E,

pe
Let Md.) and tma,d) be: fwe- Melvie, Spaces- 1e

have a lhnt as 9& avenêe+d se Suek Hal

Ne vtte, tm ft,2

Defn

let M,d) and (Ma.d-) be tuo Mebete Spaces. 1ek d ém,

A Foncbtor : M M, s Sotd Eobe Continubus-at a we
3062o Such that,

dCa) 2 d» (ftx),fta)e

Said Eo bentineiout1 on Efruous

every peinto .o MJe

Nobe -T

)is lont?nuous at a > ltmtx) - fta)fm
D-a

) The CondtBHon d. tx.a) 2 8 -) 4, t4trl, tal) &

an beToblrt tben as (1) sce Bta, 8) 5ftx) e B (ta), E)

C18) Bta,St) SB ftal, e)
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n rivut

Thm 43
Ltt (m d) and (msrds) bekao Mesie Space

unction m -ma is (onlfnunus 1 4 1s closed 'n m,. he

Ts closed fn m

Pvool

Suppose m-m fs Conttnueus

: et fSm, (ctesad tn m)

fs D pen in m

the thm

eb Cm.d.) and tms,da) be kuoo MMetrie Spate

e mm fs C.f f t) is open fn m, Hhenever
fs open b m

.

Ce) open fn m,

49J L4Js opo o inm

T41Js open fnm
Convemel

Suppose 4) a closed tn m, kJheneveri olosed in

LP fis nnubu

Cte)topvovo that f cG) fs open fn m

let G be an open in ma.

C1is closed nma

-
te) is clesed In m

tf"rmls clesed
ih

m r«g'taN.[fcul
t)is open in mi

Con &inu cuj
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ove hat sonliaueu
nverse Ionof eve

SLakeom

Je tMd) and (N.d,) be koyp Metrle Spa tepen Se3 ope

4 h) s Bpn t

Nhenever is open in m

Preof
Buppose 15 ConBlnupus

et be an open Seb in m.

To prove,
tn) s open, in, M

T i) , hen tt fs bpen

)et
Stnte G 1s openken Ehere efsks an ppeh ball Blf), )

B (ex), e)c
Then there exfsks an open ball

B ,8) Such that (Btx,8) cb(tc)

xef-l t) s abitrov Con1 s bpen

Conversely

Suppose G fs tG) 1s 6 pen tn m, henevei

G fs DPen in 1
To prove Coninu eus t

et m

B z), €)ts bpen SEnma

) Btf x)),: s opeo Tn m
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( M,d).and tMs.d.) b bua MehiejSpa Let a MiA
1tn) a a (ia)taoinelFon mis ConLPnuous a a 7 .1ds

ta)
Suppose is tonEPrnuous at o L

Toprove (xn)-a 4txn))fta)

let (n) bea Seqvehce tn M,uch thak (x.)) a

Ci.e)Toprove

(ft1)4ta)

Let esobo given 3D 8uch Ehak

d.(,a) 8 5 ds tfta1,ftal) z E

Stnce, n) -a, the p and theve s a tvenateqer n2

d tna) 8.a d lf(an),ftat).4

n))4 ftal

Cprversely

let lotn)a )ft xnl) - ftal

To prove)

fs Conbtnuoul at a Suppo5e1s net lontnueusata
Then 4here eod'sts Esoand o>o

fCB talhl)Bftai,E)
Choe'se nE B (a, /n)

ftzn) 4 Btfto), )

d (nal2n

d (fcn) ftal)e
. (tn)a (fxa)9 ta)

NRch sontasetion to o0T a Sump bioh

onbinuoui ak a. a
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c144)-

9/14y to,

s ento

Hence ffs homeomosphic

bm

T lo,1J- R defined bq (x)-e fs untfoumly on binu
t0us

et eso be given

Jet xetod

aylt-y)
Stnce l and y
Then Ix-l 6 9 a)x-y

is unffornly tonEfnuous bn [o,13

Dbm2

Prove that he fanedton f to.l)9R defned ftot)

nol uniformly Conttnugui

Jet Eo be qiven duppose Sso -ylS
1ft-fey)l2g

Take 9+
cleaxly -gl. =a8$
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Nole

T M,3Mfs unlJemly enErueus tn to,

then fs snnueu8 at perg pefnt

PTCulh usual M.tts plole

t (n) be a loushy 8rguenct Ta

etn n+tgo Jhere n9
e prove Ekat, tr) and tyn) ar Caucky degngl)

Jet eo be gtven

inte (n) sa Caushy Sequtnet then Ha tV hen

Zn-ZmE4nm2n

n m 7-mand
yn-m 17h-Zm

Hente n -Xm) t nim n
1y m E hm no

(xa) and tyo) ae Cauehy Sauinfe fn R

Snee R ts (mplabe i g ek 5: ()4rand"gh)

le have,2.z}=| tnayo)- (x4ng

tw)lygl-4

ebEe
Sinre (Te) a nd (yny

n and h
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Such thatr

ond gg) he ¥na2n

1eE na e mat in,na j

fsComplebe

Subse& A ofa lornpieke Mrbvta spaceM.IC Complebe 4f A

is closed

Suppose, A ts lomplete .

P A ts clesed .

ie)To preve thabA Confains all ts limit beints.

Jetbea limit pefnt of A

B theorem

here eosts a 8eq vence Cxn) in A

Sch Ehat Cn) )z

Stnce A is omplebe,teA

-A Contafnt al 14 Gnit petns

Bence A ts closed

lonWersely Jet Abt clesed subsee of M.

n) be a Cauchg dequenee In A .

hen ttn) be a Cauehq Sequente in Mahd Since

Mis tomplebe steM Such that lra)9x

Thus, (xn) tsa8equ'ence ln A lonskgingo

Stne,A 1s closed. then AA
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latM,d) and (Ma,de) b uo Mebté Spac Then

imym s lonbinuoui (ft tcA)sfA) HovallA

duppese fis tminueut

L

et AC M,

fCA) m
f5 Ls A) Ts closed inm

AsLTAN)

fta) s tA) fov all A s M

Canvlersele

fcA) fCA) for all ASM,

1 f antruauk -
tie) ¢) is elosedin my

B hypothesis, F(41) Stt41)

FCE) FCE

ce fs elased tnM, Hente F is lantiruous

Tf:RR and q! RAR aYe both cs onctfon n R and

hRR 1s deftoed by hg)-(t ,g) pT his

Contfnuoui On R

etRR and qRR be Continuoui Junckion onR.

h: RR is ck

Cie) T.p (h (xn,ya1)h(xry)
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p-The Jonctton R-R detPned by Stnx s
nfntmly Conlinubus on R

Jet yeR and

Stn S fhy (x-y) to s z here z>
Sfnx-8tnyl Cx-q)to$z

ler-g tcosz

stn 3-Sfny
lcosz41)

o gven ESO We choose 8+E

.'ve 8 1fox)-fty)

stnx-sin y| 2E

Lon 9nubus bh

roc)Sinx fs Unr fovmly Loninuous bn R
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tnya) ta) fnR

Tp Chtyo1)>h txy)

Shi, fan re Chs

9ta)-5 fta) and (g tynl)9g'y)

ht nl) htz

h is Con binuouS 6B.

The Telsie &pare Co,1) and Co,a)uith uSual MeteMebte

ve homeomoy phit

Dene: (o,1)--to,o)

bfex)

leaslg the lial mebrie are c ti.e). f is C

and s also Conlinusus J

Ne prove thalts bjebve

ci) f fs 1
tx)-f19)

T-

Cg) t1-x)
F

fis 1-1

)s onto -
i

oC

SCyCt-x)
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(ag+8)9

hie Tnthuebty tannet e troe forall ye to,1)

A Hunablan

teCM,d)and tM,.3 be kuo Mebhie 6pate A fndiDeln

M,9M fs called a homeomovphf3m

0)is 1-andonto

Ct) f1s tontindu

Ct) 7s Continueus

M, and Ma are datd o be homeomorphic there exitl

a homebmbrphfsm: M, Ma

Deln
A functlon f!MMa fs Satd to be an open Map

CGr) Fs open n M for every pen Seb Gtn M

ie)fs an open Map the fmage an open Seb

fn Mi. is an opesl Sef fn Ma a-y d
f3salld a closed Map f CF) is clesed in M

o ovesy clesed tebi F in M

Nobe Tkan
et f: M,M b a 1-1 ond onto anelton. Tkn

MaPsontnuo ut 4 ffs an open Map

Smilarly. s Canbinusur fs a tloswd Map
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Dun

let tM,d) bea Mebfe SpaceMs Safd o be

Cennecbed ! M
tannobt be Tepresenled as tho unfan

bpen Sebts.

uo dsjofnt non- empty open Seks .

Pstonnet

I M s hob baneebed ft Ts Safd to be dfston

Erample'
Then Mislet M. [2J 0 [3,4] ufth usual Melrle. Then N

dfstonnected

JetM:l,2Ju l3,4)

eb A,: 1J
Then A, [12]

A:51a) nM

La) 1s open in M

Strilasly. a.4 s open in M

2 and (3/4) are open in M

Thus. M is the unfon of two disjoint non. empby

Open Set8 namely l.23 and ts,4]

Hente M s dfs tonn ecked.

p:T 1s a hon - Conskant Meal Nalued Continu bus

Junclon on R Ehen he Tange s untountable.

HT R s lonnetted

Once R fe a onbtnueu uncon on R

tR) 1s Connetted Subset o R

.ftR) TS an fnterval in R
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Also, Stnces a non- Cons kantfunelton Hhe ntevval.

IR) tonkains Mere thon one pofnt

IR) s uncountable

oThe Yange off Is Uncountable

An tontfnueus maqe of a onnecled Sel 1s onnecled.

Slatement'

let M, be a tonnetked Mebte Spate. 1 M, be

an Metfe 8pace 1eE fM, M. be Contfnuoul unckion

ThenftM.) fs a lonnecbed Subseb ol Ma.

Pro tM):A So thatf tsa fanelton from M, onko A

PA fs Connected

Seppose,A 1s hot lonnecled

Then. there etsts a propes non- empt
Subset B of

A hteh ts both open and closed in A.

Subset o M

B) s a proper non- tmpt

Nhich fs both Dpen and clbsed fn M

Hence M 1s nDt tonnected. Hhrch ts a E

Hence. A fs lonnetted

ASubspate of R is lonnected 1ft t ts an tnterval

Jet A be a
Conneeked Subsek ofR .

Soppose1A Rs notan tnteaVal

Then 1 a1b, c eR 9q2bdc and a,eEA but b4A
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Now STece A ts an fnlevval

Ne have lr,:] CA

ie) 4, uA

ve elemenk o (,I] Ps efthes In A br în A

Neu. Il y Au.b7,J n Ai

cleavly ot sy 42
Hente 9 e A

Jet eb be qiven. Then te lx7Jn A

Such tha

y-E, y+e)n tz, 1JnA)| )

ye lr,xJnA,

ye x,zJnA

Agafn y+e eA eso Such that y+ez

ye A

9eA A ts clesed)

.'. ye AinAs (by Dand)

OhTeh s a E
Stnce A n As = )

Henre A is lonne tted
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pEOVe Pntesmedfate Value theorem
Jabe

andDa

Satement

1e be a eal Valued Conbfnuous unetton depPaed on

lerval . Then ta KeS every Value between any twonberval T. Then

ut
YE a SSume .

ite let a,beT t ta) ftb)

ArEhout less o genevalfty Je May astume hat ta) kftU)

let be Sueh that fta)c ftb)

The fnterval T s the Connected Subset ofR.

(A Subset of R 's Connecked rf 1E is an intevval)

Sfnce By thm

ee M, be a onnected Melrfc Space Jet Ma beany

Metrfc SpaceThenf: M,Ma be a lon tinubus funchon

ThenCM) fs a Connecked Subset o M,

ftx) fs also a
lonnecked subset ofA

lx)ts s an fnberval

it
ta), frb) Cft)

fro.tb)Jef t1)

ccIT)
foY Some EL
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Snte s on to, A and B ave hon-empy

Cesly AuB:M An8

Then M- Au8,he A and B ave disjofnE open Sets

M s distennecbed Hteh is a

l tenbr adtebion)
lence there does net exists a lontinuDus uncbion

Conversely

Seppose M s distonnesbed, Then theve exfsts

dfstofnt open Sebs A and B n M

Such that M: AUB

Definef mo.1 b

F eA

clearl 9s onto

(o)-A )-3,F1o3): 9

Thas the înVerse Tmage of open Sebs o,3 fs openi
Henees tonPnueus and there evci'sbs a Con tinubu&

unelfon

m o.1>E M f lonnected
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UNIT N

Mis Connected i4 everyCon tinuoussuncifon fma e

not onto. "

StateMent

A Mebe Space M s Connecled 14f theve decs nat

xsts a ContPnuouS anetPon om M enbo the

drserebe Helvle Space fo, 1

Prgef
Suppose theve exists a ck onto unttPon

ft m So.

Stnte fo,1} s dr'sevele Soi and 1 are open

Ap o}) and Ba' (0}) a
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A: -o,) nA

As: 8) nA

Since, t.do,b) and b, co) aTe open in R

Ar and A: aTe 0ben Sebs n A.

Alss. A,n A = and A,UA:A

uTther. aeA, and CeA

Aence A+0 and A, 40

hus, A s the unfon o wp disjoint non-emel.

open Stts A, and Aa

Hente A 1s not lonnected. Hhieh is a

Hence A 1s an inderval

Conierse

banet Abean interval

Ept A is lonnetted

Soppese, A t not Connerted .

et A AuA hre A #d. Aa td»

An Aa and A and As ave Closed ebs in A.

ohopse e Aand

Snre,AnAs =

e have 7
ARtkout lbss o general

Naume hat L
T'
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cChit

Defn:

Let M bo anetAic spare tamy
of open sos Ge in M callod an pon
Cova for M if VGaN

A Subfomily fG«y cuhih solt is an
A

opon Covo callod a Stubco ve

A motic spae M saic to be Compot
f ovo for has a finitepen Coved M

Subtove.

Hor yamily
thof U1 M thoo exists a finte sb

famlyGat, oa, Gtn Y sueh hot GaizMi.

io) each pen Sts fa«y
such

Dofn
A foniky S of Subsots

have tho finite
M

sad to
ntoe£ion popoty

iany finite mem boNB hove hon- empty
tntosodion.

Dofn:

motAc s soid t be totallyA 5pae M

boundad or. ovoy afinite numkan

of eloments3 2 2 . 2n E M. Sut h that

8 CxE) v Br*a, E). U - U B(2n E) M
A non ampy A a meie spcesubset

be lodally bourdod it theM soid t

a totally bourded metNc Apecoubspoce A
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Dofo

ot (an) be s09uwne mof3c spa M

an incroosing

Segue nee of tve intogors Then (ani) 8 callas a

Subsegucnee of (2n)

A motile Spao M7 d o o s0guwntially

Commet fevoy tn M hos a09 cuoce

Convegon
Aubsagceonte

Thm:

1P.T R wWrth sual metsc no Compack

pnoof

Conside he fomily 9pon intoA vals

H-n,o)/neny
This s a famly of opon

cleay
Sots i R.

lrh n) R.

'-n./new an Open Cova

and thes opan Coro has no fmite Subcoval

R no Compatk

p7 (o, 1) uh noUsual metnic Compa

phoof

Conselen ho fomily epon intoivals

4'lo)/n=a,9..
Cloanly (hs) (o,1)
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fG) vf"'( Gda) U..
.
UF C Giotn) = m

Gdi fm, ma

rd; ma.

an oe tova

Tho grues fioite Sub to ve? for ma

M Compack

Any Compac Bubsaf Aof motoic cem
bourclod

lot 2o€A

ConáidonfB(ao n) /ne n
leany U B(o 2) m

B o n) 2 A

thano onlsts a finiteSinte A 6 ompak

fam saySuß

B(7o D), Bl20) * B% 1) suc6 thot,
K

B2n1)2A

no ma hin& * k
Then B B ( ni ) = B ono)

B aono ) 2 A
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Thoso finito rumb tegoho uSth

Gtel Covers fa. cJ

Ces
To pAove.

Cb

Suppose t#6.
Thon chooso ?2e fa6J suth thof Te >c

As éotove a .x2J can be Covoiey a fioite
num &o?

Hence 2a EP
But 2a c whith a

Sine C ss u.6 of Ss

6

far6J Can Corera y afinitebe

numbor of Gl is
a Compac£ Subsop Of R.
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at

dET
Sinte

doscdlosce fo each

J-f G° 1aez y s a family of closd turk

Honce y hypothesis this family of dosod

ulhase intorsectio ompty

sets dosn't have the fiolte fnto3sefon
propoy

Hence thone exsls a finite ub tolterton
Say

n'GG,..G Y such thot iG:-4

Gi =M

1, Gtn a finite Subcova

the grven o/pen Covo

Honce M Compact
Thoevc

Any Cbmpark 6otrly bounclod,mett pa re

Paoof

Jo M b Comact mathic ate
Then B(xre) / zeM} a Opon 'tovei or

M

Covo has ante, M compad ths opon

fioite Bublovo

B(7E) B (r E Bn E)
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B(o o) e koudad.e knou Hhaf

boordedandad a Aubso bounled

Honce bordod

Ho ne Bonel thooromn

Btcatemont

An inte val fo, 6J a compatk.cdosod

Paoof

t I €J be a famiy Opon

ot in Buch that

UGa 2a J
dET

lef f rlx e fa.4 7.} ard fa.zJ a be
Co vonod y a finite of Gto cloalyhumbol
a 6s and honce

bourded
above by b

et the Lu. b of s cloanly
C denese

CE fabJ.

Ce Gd for some aeT Since
epon

thee erbts Eo Such dhal CC-€, e rc)e

Snte 21kc Sa x!T can Covezod
NOw

fioite numbo
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Hence 2o? Conelges pointzela.4JSome

Thus evoiy cauchy CR in Rnguncee

Con vosges ome point

Honca R Complofo.

Condinuous imoge Compac matalc spe s

Compar

tatomvnt

lot Pb a napping romontin uous

Compac mets Space MI motnic Appe m.

Then f cm,) ompact.

Proof

hithou

-tfat
lous of goneiality Cwe Cnsume

fem 2m2

lof f be a amyof on
Auch tha!

UGo fim)

ul' (6a)) m
Als0 fme f (omtinuous

opon M mi PoT each

an oppan toveA for m

Pinte Compaek thon he oponm Cove

heus finite Aubcovea
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'Yn ) /n:03 an. opon Covo

Por lo,!) and his opon ova has no foito

Subco vo

Hence Co1) nof Conpac
Thm: motAic

Comput on
fomily of dloscd sets uth. finito ntoYerionPaorily

Phepoy has non - ompy tmoseton.

Proof

TP: nA 7
Suppese nAa = thon tnA )- 4

U= M

AlB0 Sinne a s closoc A epoeach

an opon Covo for M. Since M

Compack hs pen Covo has a flite

subovol y A Aa

UA; m

which the

fnite Ttosectfion patfect pnopoaty

Comorsoy
Tha cach famiy a tlosocdyppose

in M which finite ttosection pe
intovsactionhas non - ampiy

T: M Compoe! et fqm letT } k
open Covo fo m.

M
deT
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totaly éoundad.Ms

Th
lo an ) be a cauhy s09c0ne in a mei3c sper te

T(2) hos a Subsagcone (zn D onvoI
then n) Conveiges 2

Phoof:

lei ES o bo

fune a cauchg
intog m uch that

-
Also Sine (2k) 2 & a

suth tha£ d2nL27) 4 a nk ""2

tntcgo m

->e ma 2m, mame

and fi kmo
Thon dao 2) 4,d(an Znj) drrnk 2)

danZ) mo

ence (2n) .
Thm: P.T R th sua motiic s complofo

Proof

lot lan ) ka cauthy in Rs09ceence
Then boardad spohte d hance

clasa Inkoaval. Ja.inContarhed

Nos Tar4J ompart ard
Honce Complo tee
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